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Abstract 

We show that quantum mechanics can be represented as an asymp- 
totic projection of statistical mechanics of classical fields. Thus our ap- 
proach does not contradict to a rather common opinion that quantum 
mechanics could not be reduced to statistical mechanics of classical 
particles. Notions of a system and causality can be reestablished on 
the prequantum level, but the price is sufficiently high - the infinite 
dimension of the phase space. In our approach quantum observables, 
symmetric operators in the Hilbert space, are obtained as derivatives of 
the second order of functionals of classical fields. Statistical states are 
given by Gaussian ensembles of classical fields with zero mean value (so 
these are vacuum fluctuations) and dispersion a which plays the role 
of a small parameter of the model (so these are small vacuum fluctua- 
tions). Our approach might be called Prequantum Classical Statistical 
Field Theory - PCSFT. Our model is well established on the math- 
ematical level. However, to obtain concrete experimental predictions 
- deviations of real experimental averages from averages given by the 
von Neumann trace formula - we should find the energy scale a of 
prequantum classical fields. 



1 Introduction 



Since the first days of creation of quantum mechanics, physicists, math- 
ematicians and philosophers are involved in stormy debates on the pos- 
sibility to create a classical prequantum statistical model, see for ex- 
ample [l]-[44]. Here "classical statistical" has the meaning of a realistic 
model in that physical variables can be considered as objective prop- 
erties and probabilities can be described by the classical (Kolmogorov) 
measure-theoretic model. There is a rather common opinion that it is 
impossible to construct such a prequantum model. Such an opinion is 
a consequence of Bohr's belief that quantum mechanics is a complete 
theory. By the orthodox Copenhagen interpretation it is in princi- 
ple impossible to create a deeper description of physical reality. In 
particular, there is a rather common belief that quantum randomness 
is irreducible, see e.g. von Neumann [4] (in the opposite to classical 
randomness which is reducible in the sense that it can be reduced to 
ensemble randomness of objective properties). There is a huge activity 
in proving various mathematical "NO-GO" theorems (e.g. von Neu- 
mann 1 , Kochen-Specker, Bell, see, for example, [12], [14], [15], [31] for 
details). Many people think that with the aid of such mathematical 
investigations it is possible to prove completeness of quantum mechan- 
ics. As I pointed out in the preface to the conference proceedings [36], 
such an approach can not be justified, because we do not know corre- 
spondence rules between prequantum and quantum models. Therefore 
each attempt to formulate a new "NO-GO" theorem is in fact an at- 
tempt to present a list of properties of a classical — > quantum map 
T. 

First time such a list was presented by J. von Neumann in his book 
[4]. Later his list was strongly criticized by many authors (including J. 
Bell [12], also L. Ballentine [15]). In particular, there was criticized the 
assumption on on-to-one correspondence between the set of classical 
physical variables V and the set of quantum observables O. There was 
also pointed out that von Neumann's assumption that 

T(a + b) =T(a) +T(b) 

for any two physical variables (so without the assumption that observ- 

1 Recently A. Leggett paid my attention to the fact that J. von Neumann did not 
consider his derivations [4] as a rigorous mathematical theorem. In the original German 
addition (1933) of his book [4] he called "NO-GO" considerations "ansatz" and not theo- 
rem. 
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ables T(a) and T(b) can be measured simultaneously) is nonphysical. 
Then different authors proposed their own lists of possible features of 
the map T which (as they think) are natural. These lists (including 
Bell's list) were again criticized, see e.g. [26], [27]-[29], [37], [40], [41], 
[44] and some papers in [33]-[36]. 

In [45] I proposed to start the activity in the opposite direction. 
Instead of looking for lists of assumptions on the classical — > quantum 
map T which would imply a new "NO-GO" theorem, it seems to be 
more natural to try to find such lists of features of T which would 
give the possibility to create a natural prequantum classical statistical 
model. In these papers it was shown that all distinguishing features of 
the quantum probabilistic model (interference of probabilities, Born's 
rule, complex probabilistic amplitudes, Hilbert state space, represen- 
tation of observables by operators) are present in a latent form in the 
classical Kolmogorov probability model. The main problem was that 
the construction of quantum representation of the classical probability 
model [45] was purely mathematical (probabilistic). The main task 
was to find a concrete natural (from the physical point of view) classi- 
cal statistical model M which would reproduce QM. We present such a 
prequantum model in this paper. Our model is classical statistical me- 
chanics on the Hilbert phase-space. Points of this phase-space can be 
considered as classical fields (if we take the Hilbert space H = L2(R 3 )). 
Our approach might be called Prequantum Classical Statistical Field 
Theory - PCSFT. 

Our approach is an asymptotic approach. We introduce a small 
parameter a - dispersion of "vacuum fluctuations"; so in fact we con- 
sider a one parameter family of classical statistical models M a . QM is 
obtained as the limit of classical statistical models when a — > : 



lim ,M« = iV quant , (1) 

where iV quan t is the Dirac-von Neumann quantum model [2], [4]. We 
pay attention that our approach should not be mixed with so called 
deformation quantization, see e.g. [47]-[49]. In the formalism of defor- 
mation quantization classical mechanics on the phase-space Q,2n = R 2n 
is obtained as the lim^o of quantum mechanics (the correspondence 
principle). In the deformation quantization the quantum model is con- 
sidered as depending on a small parameter h : N quant = A^ uant , and 
formally 

I™ Equant = ^conv.class. (2) 
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where M conv , c i ass . is the conventional classical model with the phase- 
space fl2n- In the opposition to deformation quantization, we study 
the inverse problem, namely classical — ► quantum correspondence. 

The crucial point is that our prequantum classical statistical model 
is not conventional classical statistical mechanics on the phase-space 
Q,2n = R 2n , but its infinite- dimensional analogue. Here the phase- 
space Q = H x H, where H is the (real separable) Hilbert space. 
Thus the price of realism and causality is the infinite- dimension of the 
phase-space! 

In our approach the classical — ► quantum correspondence T is based 
on the Taylor expansion of classical physical variables - functions / : 
f2 — > R. This is a very simple map: function is mapped into its second 
derivative (which is always a symmetric operator). 2 

The space of classical statistical states consists of Gaussian mea- 
sures on f2 having zero mean value and dispersion « a. Thus a sta- 
tistical state p (even a so called pure state ip £ Q, = 1) can be 
interpreted as a Gaussian ensemble of classical fields which are very 
narrow concentrated near the vacuum field, ^Vacuum (&) = for all 
x € R 3 . Such a p has the very small standard quadratic deviation 
from the field of vacuum ^Vacuum : 

f l \p 2 {x) + q 2 (x)}dxdp(q,p) = a, a 0, (3) 

Jl 2 (R 3 xL 2 (R 3 ) jr 3 

where a classical (prequantum) field ip(x) is a vector field with two 
components ip(x) = (q(x),p(x)). Suppose that square of the field has 
the dimension of energy (as in the case of electromagnetic field in the 
Gaussian system of units). Then a statistical state p is en ensemble of 
fluctuations of vacuum which are small in the energy domain. 

The choice of the space of statistical states plays the crucial role 
in our approach. QM is the image of a very special class of classical 
statistical states. Therefore we discuss this problem in more detail. 
Let us use the language of probability theory. Here a statistical state 
is represented by a Gaussian random variable A — > iftx, where A is a 
random parameter. We have: 

Elp\ = 0, <T 2 (Y>) = E\lpx ~ ^vacuum) 2 = a. (4) 

2 By the terminology which is used in functional analysis / is called functional - a map 
from a functional space into real numbers. If we represent fl as the space of classical fields, 
tp : R 3 — > R, then f(ip) is a functional of classical field. 



4 



We pay attention to the evident fact that small dispersion does not 
imply that the random variable ^(A) is small at any point A £ A. The 
total energy of the field ip 

£(^)= [ \Mx)\ 2 dx= [ \pl(x)+ql(x)]dx 

can be arbitrary large (with nonzero probability). But the probabil- 
ity that £(ipx) is sufficiently large is very small. The easiest way to 
estimate this probability is to use the (well known in elementary prob- 
ability theory) Chebyshov inequality: 

P(A : £(V>a) > C) < E£{^x)/C = a/C 0, a ^ 0, (5) 

for any constant C > 0. 

It is important to remark that energy of the prequatum field ip 
should not be identified with energy of a quantum particle, e.g., an 
electron or photon. The £ (ip) is the internal energy of the prequan- 
tum field ip. Quantum particles appear in our model as the result of 
interaction of the ?/>-field and various potentials. 

It is especially interesting that in our approach "pure quantum 
states" are not pure at all! These are also statistical mixtures of 
small Gaussian fluctuations of the "vacuum field". It seems that the 
commonly supported postulate, see e.g. von Neumann [4], about ir- 
reducible quantum randomness, i.e. randomness which could not be 
reduced to classical ensemble randomness, was not justified. 

At the moment we are not able to estimate the magnitude a of 
Gaussian vacuum fluctuations. In the first version of our work [50] 
we assumed, as it is common in SED [51], [52] as well as in Nelson's 
stochastic QM [18], that a has the magnitude of the Planck constant 
h. However, we could not justify this fundamental assumption on the 
magnitude of vacuum fluctuations in our approach. We could not 
exclude the possibility that 

a/h « 1 (6) 

In such a case our approach to vacuum fluctuations essentially deviates 
from SED and Nelson's stochastic QM. One might even speculate on a 
connection with cosmology and string theory. However, in the present 
paper we consider the magnitude of vacuum fluctuations just as a small 
parameter of the model: a — > 0. 

We shall discuss a possible physical interpretation of our model 
and its relation to other realistic prequantum models in section 9: the 
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pilot wave model (Bohmian mechanics), see e.g. [11], [7], [19], SED and 
Nelson's stochastic QM, see e.g. [18], [51], [52] and references thereby. 
In our model prequantum reality is reality of classical fields - systems 
with the infinite number of degrees of freedom. So we consider a field 
model, but this is not QFT, because quantum mechanics is reproduced 
not through quantum, but classical fields. 

This paper also can be considered as a contribution to the old de- 
bate on incompleteness of quantum mechanics that was started more 
than 70 years ego by Einstein, Podolsky and Rosen, see their famous 
paper [5] on the "EPR-paradox". Our investigation supports the EPR- 
thesis on incompleteness of quantum mechanics. In our model both 
the position and momentum operators, q and p, represent the "ele- 
ments of physical reality": not reality of particles, but reality of fields. 
In PCSFT the q and p are images of functionals of classical fields, 
f q {ip) and f p (i))- Moreover, in our approach quantum mechanics is not 
complete, because our ontic model (describing reality as it is) contains 
even statistical states having dispersions a 2 (p) = o(a). Such statistical 
states are neglected in the process of classical — > quantum correspon- 
dence. QM does not contain images of these states (as it was pointed 
out QM contains only images given by density matrices of Gaussian 
states having the dispersions of the magnitude a). 

Our approach is very close to attempts of E. Schrodinger [6], [7] 
and A. Einstein [8], [9] to create purely (classical) field model inducing 
quantum mechanics. 

The main experimental prediction of PCSFT is that QM does 
give only approximations of statistical averages. Therefore in prin- 
ciple there could be found deviations of experimental averages from 
averages predicted by QM and calculated through the von Neumann 
trace-formula for averages. To get the concrete prediction, we should 
know the magnitude of the prequantum field fluctuations a (which is 
just a small parameter in our theoretical paper). 

2 Classical — > quantum correspondence 
2.1 Ontic and epistemic models 

We show that (in the opposition to the very common opinion) it is pos- 
sible to construct a prequantum classical statistical model. From the 
very beginning we should understand that prequantum and quantum 
models give us two different levels of description of physical reality. We 
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can say that prequantum and quantum models provide, respectively, 
otitic and epistemic descriptions. The first describes nature as it is (as 
it is "when nobody looks"). The second is an observational model. It 
gives an image of nature through a special collection of observables, 
cf. [6], [7], [37], [53 - 56]. QM is an example of an epistemic model of 
nature. In fact, this was the point of view of N. Bohr and W. Heisen- 
berg and many other adherents of the Copenhagen interpretation, see 
[56] for an extended discussion. The only problem for us is that the 
majority of scientists supporting the Copenhagen interpretation deny 
the possibility to create a prequantum ontic model which would re- 
produce (in some way) quantum averages. We recall that it was not 
the whole Copenhagen school that "denied" the possibility to create 
prequantum models. 3 Pauli, for example, just believed that such ap- 
proaches would take away the efficiency of quantum formalism. The 
complete denial of these possibilities came later, mostly under the in- 
fluence of the theorem of Bell. In our approach the ontic description 
is given by a continuous field-model, cf. E. Schrodinger [6]: 

"We do give a complete description, continuous in space and time, 
without leaving any gaps, confirming the classical ideal of a description 
of something. But we do not claim that this something is the observed 
and observable facts." 

In any ontic ("realistic") model there are given the following sets: 
a) O - states; b) V(il) - physical variables. Elements of V(Q) desribe 
objective properties. In general it is not assumed that they can be 
measured. In a statistical ontic model there are also considered statis- 
tical states; these are distributions of states. Thus an ontic statistical 
model is a pair M = (S(Q), V(Q)), where S(Q) a set of statistical 
states of a model. 

In any epistemic ("observational") statistical model there are given 
sets of observables and statistical states: O and D. An epistemic ("ob- 
servational") statistical model is a pair N = (D,0). Elements of the 
set O do not describe objective properties; they describe results of ob- 
servations. Statistical states represent distributions of states w G O. 
In general ("individual states") w do not belong to the domain of an 
epistemic model N = (D, O) (because observers using this model in 

3 Recently Andrei Grib told me that at the beginning Nils Bohr was not so much 
excited by the system of views that was late known as the Copenhagen interpretation. 
Only dialogs with Vladimir Fock convinced him in usefulness of such an interpretation. 
Thus the Copenhagen interpretation is, in fact, the "Leningrad interpretation." Personal 
views of N. Bohr were presented in rather unclear form, see [55], [56] for details. 
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general are not able to prepare "individual states" uj). The set of states 
D of N need not contain images of ^-measures concentrated at points 
uj G Q. 

Of course, in physics there are used some epistemic statistical mod- 
els which describe even "individual states" (belonging to the domain of 
the corresponding ontic model). Here all measures S^^uj £ £1, belong 
to the set of statistical states D. However, in such a case one need not 
distinguish ontic and epistemic levels of description. 

For example, we can consider classical statistical mechanics. Here 
states are given by points uj = (q, p) of the phase-space Q.2 n = R 2n and 
statistical states by probability distributions on r^n- States to G ^2n 
can be represented by statistical states - (^-measures on the phase- 
space. 

In the present paper we are not interested in such statistical mod- 
els. We are interested in epistemic models which do not provide a 
description of "individual states." In such a case (5^-measures are not 
represented by statistical states of an epistemic model: D does not con- 
tain T(5 W ), where T is a map performing correspondence between the 
ontic (preobservational) model M and the epistemic (observational) 
model N. 

We now discuss mathematical representations of ontic and epis- 
temic models. 



2.2 Classical and quantum statistical models 

Of course, there are many ways to proceed mathematically both on the 
ontic and epistemic levels of description of nature. But traditionally 
ontic models are represented as "classical statistical models": 

a) . Physical states uj are represented by points of some set Q (state 
space). 

b) . Physical variables are represented by functions / : — ► R 
belonging to some functional space V(Q). 4 

c) . Statistical states are represented by probability measures on 
belonging to some class S(£l). 5 

4 The choice of a concrete functional space V(Q) depends on various physical and math- 
ematical factors. 

5 It is assumed that there is given a fixed a-field of subsets of fl denoted by F. Prob- 
abilities are defined on F, see A. N. Kolmogorov [57], 1933. It is, of course, assumed 
that physical variables are represented by random variables - measurable functions. The 
choice of a concrete space of probability measures S(Q) depends on various physical and 
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d). The average of a physical variable (which is represented by 
a function / 6 V(Q)) with respect to a statistical state (which is 
represented by a probability measure p G S(Q)) is given by 

<f>P^[ f(u)dp(w). (7) 
Jn 

A classical statistical model is a pair M = (5(0), V(fi)). 

We recall that classical statistical mechanics on the phase space 
^2n gives an example of a classical statistical model. But we shall 
not be interested in this example in our further considerations. We 
shall develop a classical statistical model with an infinite- dimensional 
phase-space. 

Remark 2.1. We emphasize that the space of variables V(Q) 
need not coincide with the space of all random variables RV(Q) - 
measurable functions £ : Q — > R. For example, if is a differentiate 
manifold, it is natural to choose V(Q) consisting of smooth functions; 
if is an analytic manifold, it is natural to choose V(Q) consisting 
of analytic functions and so on. Denote the space of all probability 
measures on the <7-field S by the symbol PM(Q). The space of sta- 
tistical states S(£l) need not coincide with PM(p). For example, for 
some statistical model S(£l) may consist of Gaussian measures. 

We shall be interested in ontic models (which are mathematically 
represented as classical statistical models) inducing the quantum epis- 
temic (observational) statistical model A^ quant . 

In the Dirac-von Neumann formalism [2], [4] in the complex Hilbert 
space H c this model is described in the following way: 

a) . Physical observables are represented by operators A : H c — > 
H c belonging to the class of continuous 6 self-adjoint operators £ s = 
C S (H C ) (so O is mathematically represented by C s ). 

b) . Statistical states are represented by density operators, see [4]. 
The class of such operators is denoted by V = V(H C ) (so D is mathe- 
matically represented by V). 

d). The average of a physical observable (which is represented by 
the operator A G C S (H C )) with respect to a statistical state (which 

mathematical factors. 

6 To simplify considerations, we shall consider only quantum observables represented by 
bounded operators. To obtain the general quantum model with observables represented by 
unbounded operators, we should consider a prequantum classical statistical model based 
on the Gelfand triple: C H c C H~ . 
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is represented by the density operator D G V{H C )) is given by von 
Neumann's formula: 

< A >d= Tr DA (8) 



The quantum statistical modelis the pair -/V quant = (T>(H C ), C S (H C )). 

Typically in quantum formalism there are also considered pure 
quantum states given by normalized vectors ip £ H c , see [2], [4]. We 
shall not do this, because "pure states" of conventional quantum me- 
chanics do not coincide with ontic states of our model. We shall see 
that pure states are in fact not pure at all. They are statistical mix- 
tures of Gaussian fluctuations of ontic ("individual") states (prequan- 
tum classical fields). We just remind that many authors, see, e.g. L. 
Ballentine [28], define the quantum model in the same way as we did, 
i.e., without considering pure quantum states. 

2.3 Postulates of classical — > quantum corre- 
spondence: review 

Readers who are not interested in various "NO-GO" theorems and who 
are ready to accept the possibility to construct a prequantum classical 
statistical model can omit this section. Those who still have doubts 
in such a possibility (under influence of, e.g., von Neumann or Bell 
"NO-GO" theorem) can start with our detailed analysis of fundamen- 
tal assumptions of main 'NO-GO" theorems that is presented in this 
section. 

As was already pointed out, we are looking for a classical statisti- 
cal model M = (S(Q),V(Q)) inducing the quantum statistical model 
-/Vquant = (D(H C ), C S (H C )) ■ The main problem is that the meaning of 
the term "inducing" was not specified! For example, one may postulate 
(see e.g. von Neumann [4], p. 313) that 

Postulate VO There is one to one correspondence between the 
space of variables V(Q) and the space of observables C S (H C ). 

In such a case one could define a one-to-one map: 

T : V(n) - C S {H C ) (9) 

One can also postulate that (see e.g. von Neumann [4] p. 301-305): 
Postulate SS Each quantum statistical state D £ T> corresponds 
to a classical statistical state p 6 S which is uniquely defined. 
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Thus there is given a map 

T : S(fi) - V(H C ) (10) 

Moreover, there is often postulated (see e.g. Theorem of Kochen and 
Specker [14]; in von Neumann book [4] it can be derived from equality 
(Dis 2 ), p. 313): 

Postulate F Let g : R — > R be a Borel function such that, for any 
variable f G V,g(f) G V. Then T(g(f)) = g(T(f)). 

Both models under consideration - a classical model (for which we 
are looking for) and the quantum model iV quan t - are statistical; the 
final outputs of both models are averages: < f > p and < A >£>, which 
are defined by (0 and (JHJ, respectively. One could postulate (see e.g. 
von Neumann [4], p. 301) that: 

Postulate AVC Classical and quantum averages coincide 

In such a case one has: 

< / > p =< A >£>, A = T(f),D = T{p). (11) 

Thus 

/ f(ip)dp(ip) = Tr DA, A = T(f),D = T(p). (12) 
Jn 

As was mentioned, these postulates were considered, in particular, 
by J. von Neumann. Finally, he also postulated that 

Postulate AD The correspondence map T is additive: 

T(h + ... + fn + •••) = + - + T(f n ) + (13) 

for any sequence of variables /i, f n , ... G V(Q). 7 

Already in 30th J. von Neumann demonstrated that a correspon- 
dence map T satisfying to Postulates VO, SS, F, AVC, AD does 
not exist [4], J. Bell [12] paid attention to the fact that not all von 
Neumann's postulates were physically justified. He (and not only he, 
see L. Ballentine [15], [29] for details) strongly criticized Postulate AD 
as totally nonphysical [12]. J. Bell also strongly criticized the Postu- 
late VO. He pointed out that it might happen that a few different 
physical variables are mapped into the same physical observable. He 

7 It is important to remark that J. von Neumann did not assume that observables 
T(/i), ...,T(f n ), ... could be measured simultaneously! 
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proposed to eliminate Postulates VO, AD and even consider, instead 
of the Postulate F, a weaker condition: 

Postulate RVC Ranges of values of a variable f £ V and the 
corresponding quantum observable A = T(f) coincide. 

Then he proved [12] that there is still no such a correspondence 
map T. Nevertheless, let us suppose that a prequantum ontic model 
exists. It is natural to ask following questions: 

"Which postulate does block the construction of the correspondence 
map T? Which postulate is really nonphysical?" 

2.4 On correspondence between ranges of val- 
ues of classical variables and quantum observ- 
ables 

We emphasize that physical variables / 6 V and observables F £ O are 
defined on different sets of parameters and therefore they could have 
different ranges of values, see H. Stapp [58] for detailed analysis of 
this problem. In general, a measurement process induces some loss of 
information about the (ontic) state ip. 8 Therefore an observable is only 
an approximation of a physical variable. It seems that the Postulate 
RVC is nonphysical (and consequently its stronger form - Postulate 
F). By rejecting these postulates we escape in particular the problem 
with the violation of Bell's inequality. 

It is also very important to remark that our measurement devices 
works as amplifiers of micro effects. To be visible (e.g. at the pointer of 
an apparatus) micro effects should proceed through huge (practically 
infinite) amplifications. Of course, such amplifications would totally 
change the ranges of values of classical variables. These amplifications 
are taken into account in our model, see lfTB|l . In our approach QM is 
not about microworld as it is, but about results of our measurements 
on it. This is precisely the viewpoint of N. Bohr, W. Heisenberg, W. 
Pauli (so called Copenhagen interpretation). The crucial difference 
from the Copenhagen interpretation is that in our approach QM could 

8 In fact, quantum measurements induces huge loss of information in process of extract- 
ing information about properties of microscopic structures with the aid of macroscopic 
measurement devices. 
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be completed by a deterministic theory, describing the motion of in- 
dividual systems. But these are systems with the infinite number of 
degrees of freedom - "classical fields." 

2.5 Asymptotic equality of classical and quan- 
tum averages 

The crucial point is that in our approach, instead of the equality ifTTj) . 
we have the following asymptotic equality of classical and quantum 
averages: 

< / > p = a < T(f) > T{p) +o(q), a^O (14) 

(here < T(f) >t(o) is the quantum average). In mathematical models 
this equality has the form: 

f f(ilf)dp(if>) =aTrDA + o(a), A = T(f), D = T(p). (15) 
Jn 

This equality can be interpreted in the following way. Let be a 
classical physical variable (describing properties of microsystems - clas- 
sical fields having very small magnitude a). We define its amplification 
by: 

/«W = ~fW (16) 
a 

(so any micro effect is amplified in --times). Then we have: 

< U > P =< T(f) > T{p) +o(l), a^O, (17) 

or 

/ fMdpty) =TrDA + o(l), A = T(f),D = T(p). (18) 
Jn 

Thus: Quantum average as Classical average of the ^-amplification. 
Hence: QM is a mathematical formalism describing a statistical ap- 
proximation of amplification of micro effects. 

To distinguish statistical and dynamical problems, in this paper we 
shall consider the case of the real Hilbert space H. Thus in all above 
considerations the complex Hilbert space H c should be changed to 
the real Hilbert space H. In particular, £ s = C S (H),D = V{H). The 
case of the complex Hilbert state space will be considered in the next 
paper. We start with very short presentations of some mathematical 
structures on infinite-dimensional spaces. 
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3 Gaussian measures on Hilbert spaces 



Let H be a real Hilbert space and let A : H — > H be a continuous 
self-adjoint linear operator. The basic mathematical formula which 
will be used in this paper is the formula for a Gaussian integral of a 
quadratic form 

/(^) = / A (V0 = (^,v). (19) 

Let dp(if>) be a cr-additive Gaussian measure on the cr-field F of Borel 
subsets of H. This measure is determined by its covariation operator 
B : H — > H and mean value m = m p G H. For example, B and m 
determines the Fourier transform of p : 

p(y)= [ e l(y '^dp(l{j) = e \{By,y)+i{m,y) ^ y £ H 
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In what follows we restrict our considerations to Gaussian measures 
with zero mean value m = 0, where 

(m,y) = / (y,ip)dp{ip) = 
Jh 

for any y e H. Sometimes there will be used the symbol ps to denote 
the Gaussian measure with the covariation operator B and m = 0. We 
recall that the covariation operator B = cov p is defined by 

(B yi ,y 2 )= (y u ip)(y 2 ,ip)dp(ip),yi,y 2 eH, (20) 



and has the following properties: 

a) . B>0, i.e., (By,y) >0,y e H; 

b) . B is a self-adjoint operator, B £ C S (H); 

c) . B is a trace-class operator and 



Tr B = M 2 dp&) (21) 



ii 

The right-hand side of l(2*T|l defines dispersion of the probability p. 
Thus for a Gaussian probability we have 

a 2 (p) = Tr B. (22) 

We pay attention that the list of properties of the covariation op- 
erator of a Gaussian measure differs from the list of properties of a 
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von Neumann density operator only by one condition: Tr D = 1, for a 
density operator D. 

By using l(20|l we can easily find the Gaussian integral of the quadratic 
form /a(V') defined by (jT?3|) : 

/ f A (if>)dp(il>) = [ (A^)dpty) 
Jh Jh 

oo „ oo 

i,j=l Jh i,j=i 

where {e{\ is some orthonormal basis in H. Thus 

/ f A (4>)dp(i>)=TrBA (23) 
Jh 

We have presented some facts about Gaussian measures on Hilbert 
space; there is a huge number of books where one can find detailed 
presentation, I would like to recommend the excellent short book of 
A. V. Skorohod [59], see also [60]-[63] for applications to mathematical 
physics. 



4 Different iable and analytic functions 

The differential calculus for maps / : H — ► R does not differ so much 
from the differential calculus in the finite dimensional case, / : R n — > 
R. Instead of the norm on R n , one should use the norm on H. We 
consider so called Frechet differentiability [63]. Here a function / is 
differentiable if it can be represented as 

/(Vo+A^) = /(^ )+/'(^o)(A^)+o(A^), where lim ^^X7T = °" 

||A^||-o IIA^H 

Here at each point i/j the derivative f'(ip) is a continuous linear func- 
tional on H; so it can be identified with the element /'(tp) G H. 
Then we can define the second derivative as the derivative of the map 
V' ~~ > /'(VO an d so on. A map / is differentiable n-times iff (see e.g. 
[63]): 

/(Vo + AVO = /(Vo) + /'(V'oXAV) + ^f^oXAV, AVO + 

+V W (V'o)(A^...,AV) + o n (AV>), (24) 
n! 
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where f^ n \ipo) is a symmetric continuous n-linear form on H and 

Fun \MMR =0 . 

||A^|H0 ||A^|| n 

For us it is important that f"(ipo) can be represented by a symmetric 
operator 

f"(iPo)(u,v) = (f"(iP )u,v),u,v eH 

(this fact is well know in the finite dimensional case: the matrice rep- 
resenting the second derivative of any two times differentiable function 
/ : R ra — > R is symmetric). We remark that in this case 

/W = /(o)+/ / (o)W+^r(o)(v,V)+...+^/ (n) (o)(V,...^)+on(V') 

(25) 

We recall that a functions / : H — > R is (real) analytic if it can be 
expanded into series: 

/(yo = /(o) + f\m) + \nw, i>) + - + ^s {n \m, + •••• 

(26) 

which converges uniformly on any ball of H, see [65] for details. 

5 Quantum mechanics as a projection 
of a classical model with infinite-dimensional 

state space 

Let us consider a classical statistical model in that the state space 
Q, = H (in physical applications H = L2(R 3 ) is the space of classical 
fields on R 3 ) and the space of statistical states consists of Gaussian 
measures with zero mean value and dispersion 

<?\p) = [ Ufd P m = a, (27) 
Jh 

where a > is a small real parameter. Denote such a class of Gaussian 
measures by the symbol Sq(H). For p £ Sq(H), we have 

Tr cov p = a (28) 
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We remark that any linear transformation (in particular, scaling) pre- 
serves the class of Gaussian measures. Let us make the change of 
variables (scaling): 

- 4=- (29) 



(we emphasize that this is a scaling not in the physical space R 3 , but 
in the space of fields on it). To find the covariation operator D of 
the image pr> of the Gaussian measure pB, we compute its Fourier 
transform: 

p D (0= [ e i ^dp D {y)= [ e^VsUpeW = e~^^\ 
Jh Jh 

Thus 

„ B covp . , 

D = — = (30) 

a a 

We shall use this formula later. We remark that by definition: 



Pb' 



f(il>)d PB ty) = [ f(^)d PD (i>). 

H JH 



Let us consider a functional space V(H) which consists of analytic 
functions of exponential growth preserving the state of vacuum: 

/(0) = and there exist C ,d > : |/(^)| < Coe Cl l^". 

We remark that any function / € V(H) is integrable with respect to 
any Gaussian measure on H, see e.g. [59], [60]. Let us consider the 
family of the classical statistical models 

M a = (S%(H),V(H)). 

Let a variable / € V{H) and let a statistical state ps £ Sq{H). Let 
us find the asymptotic expansion of the (classical) average < / > PB = 
Jh fi^^PB^) with respect to the small parameter a. In this Gaussian 
integral we make the scaling l|29j>: 

<f> PB = f(V^iP)d PD &) = J2 ?L -r f (n) (o)(ip,-^)dp D W, 

Jh ^ n\ J H 

(31) 

where the covariation operator D is given by fpTTTf) . We remark that 

(/'(0),V)dptyO =0, 

h 
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because the mean value of p is equal to zero. Since pn £ Sq(H), we 
have 

Tr D = 1. (32) 

The change of variables in l|3~T|) can be considered as scaling of the mag- 
nitude of statistical (Gaussian) fluctuations. Negligibly small random 
fluctuations 

a(p) = yfa, (33) 

(where a is a small parameter) are considered in the new scale as 
standard normal fluctuations. If we use the language of probability 
theory and consider a Gaussian random variables £(A), then the trans- 
formation ([2nt is nothing else than the standard normalization of this 
random variable (which is used, for example, in the central limit the- 
orem [65]): 

„ W = ,34) 
\/E(«A) - E() 2 

(in our case E£ = 0). By tfTTTf) we have: 

<f>P=^[ (/"(0)y, y) d PD {y) + o(a), a -> 0, (35) 

or 

< / >p = - Tr D f"(0) + o(a), a -> 0. (36) 

We see that the classical average (computed in the model M a = 
(Sq(H),V(H)) by using the measure-theoretic approach) is coupled 
through (|36|) to the quantum average (computed in the model -/Vq Uant = 
(T>(H), C S (H)) by the von Neumann trace-formula). 

The equality ffify can be used as the motivation for defining the 
following classical — ► quantum map T from the classical statistical 
model M a = (Sq,V) onto the quantum statistical model iV quan t = 

T : SUH) - V(H),D = T{p) = ^-E (37) 

a 

(the Gaussian measure p is represented by the density matrix D which 
is equal to the covariation operator of this measure normalized by a); 

T : V(H) -> £ s (^),^ quant = T(f) = i/"(0). (38) 
Our previous considerations can be presented as 
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Theorem 6.1. The map T defined by 1.V7 J) . is one-to-one on 
the space of statistical states Sq(H) (so the von Neumann postulate 
SS holds); the map T : V(H) —* C S (H) is linear (so the von Neumann 
postulate AD holds true) and the classical and quantum averages are 
coupled by the asymptotic equality $EBj) - 

We emphasize that the correspondence between physical variables 
/ E V(H) and physical observables A G C S (H) is not one-to-one. 9 
Thus the von Neumann postulate VO is violated (as well as the pos- 
tulates F, RVC and AVC). 

Example 6.1. Let /i(V>) = (Aip,ip) and f 2 (ip) = sm(Atp,ip), 
where A £ C S (H). Both these functions belong to the space of variables 
V(H). In the classical statistical model these variables have different 
averages: 

JH JH 

But 

/ [(Aip, ip) — sm(Aip, ip)]dp(x) = o(a),a — > 0. 

JH 

Therefore by using QM we cannot distinguish these classical physi- 
cal variables. Moreover, nontrivial classical observables can disappear 
without any trace in the process of transition from the prequantum 
classical statistical model to QM. For example, let f(ip) = cosf^V) ' l P)~ 
1. This is nontrivial function on H. But, for any p G Sq(H), we have 
< / > p = o(a),a — > 0. Thus in quantum theory / is identified with 
9 = 0. 

Physical conclusions. Our approach is based on considering the 
dispersion a of fluctuations of classical fields as a small parameter. Let 
us consider some classical statistical model M = (S, V) and an obser- 
vational model N = (D,0). Suppose that this observational model 

9 A large class of physical variables is mapped into one physical observable. We can 
say that the quantum observational model iV quan t does not distinguish physical variables 
of the classical statistical model M a , The space V(H) is split into equivalence classes of 
physical variables: / ~ g <-> /"(0) = g"(0). Each equivalence class W is characterized 
by a continuous self-adjoint operator A quan t = |/"(0), where / is a representative of 
physical variables from the class W. The restriction of the map T on the space of quadratic 
observables Vq Ua d(-ff) is on-to-one. Of course, the set of variables V(H) can be essentially 
extended (in particular, we can consider smooth functions on the Hilbert space, instead of 
analytic functions). However, we emphasize that such an extension would have no effect 
to the quantum observational model. 
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is applied to the classical one in the following way. For any classical 
physical variable f(tp), there is produced its amplification 

faty) = -/(</>)■ 
a 

Then the quantum average is defined as 

^ A > quantum — lim < f a > classical) (^) 
a— >0 

where A = §/"(0). So QM is a statistical approximation of an am- 
plification of the classical field model (for very small fluctuations of 
vacuum) . 



5.1 Nonasymptotic approach 

We consider a classical statistical model such that the class of statis- 
tical states consists of Gaussian measures p on H having zero mean 
value and unit dispersion 

a 2 (p) = I \\x\\ 2 dp(x) = 1. 

These are Gaussian measures having covariance operators with the 
unit trace. Denote the class of such probabilities by the symbol Sq = 
Sg(H). In this model we choose a class of physical variables consisting 
of quadratic forms /a(x) = (Ax, x). We denote this class by Vq Ua d. We 
remark that this is a linear space (over R). We consider the following 
classical statistical model: 

Af quad = (5 G (i/),y quad (F)) 

As always in a statistical model, we are interested only in averages 
of physical variables / G Vq Ua d with respect to statistical states p £ 
S G (H). We emphasize that by flZH) : 

< f A > p = Tr BA (40) 

Let us consider the following map T from the classical statistical 
model M quac ! = (Sq, Vq Uac j) to the quantum statistical model -/V quant = 

T : S G (H) -> V(H),T(p) = cov p (41) 
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(the Gaussian measure ps is represented by the density matrix D 
which is equal to the covariation operator of this measure), and we 
define: 

T : V quad (#) - C B (H),T(f) = l/"(0) (42) 

(thus a variable / 6 V qua d(H) is represented by its second derivative). 

Theorem 6.1a. The map T provides one-to-one correspondence 
between the classical statistical model M qua( j and the quantum model 

-Equant • 

Here the von Neumann postulate VO, AD and SS hold true, but 
the postulates F, RVC, AVC are violated. Such a solution of the 
problem of classical^ quantum correspondence is acceptable mathe- 
matically. But from the physical viewpoint the asymptotic approach 
is more adequate to reality, because quantum effects are produced by 
small fluctuations around the vacuum field. 

6 Discussion 

6.1 The statistical origin of Gaussian prequan- 
tum states 

The choice of Gaussian probability distributions as statistical states is 
natural from the probabilistic viewpoint. By the central limit theorem 
(which is also valid for .ff-valued random variables, see [65]) a Gaussian 
probability distribution appears as the integral effect of infinitely many 
independent random influences. Of course, it is important that in 
our case each random influence is given by a random variable £(Y>) £ 
H. Thus we consider the infinite number of degrees of freedom. A 
Gaussian distribution p is the integral result of influences of infinitely 
many such £. But from the purely measure-theoretical viewpoint there 
is no so much difference between the origin of Gaussian probability 
distribution on H and R™. 

6.2 Fluctuations of vacuum 

The approach based on scaling of statistical states has some interesting 
physical consequences. The space Sq(H) of statistical states of the 
prequantum classical model consists of Gaussian distributions with 
zero mean value and dispersion of the magnitude a. If a is very small, 
then such a p is concentrated in a very small neighborhood of the 



21 



field ^Vacuum = 0. Let us interpret it as the vacuum field. 10 Thus von 
Neumann density matrices represent Gaussian statistical states (on the 
infinite dimensional state space H) which are very narrow concentrated 
around the vacuum field. Such states can be considered as fluctuations 
of vacuum, cf. [51], [52], [18]. 

6.3 Applications outside the quantum domain 

The statistical viewpoint to the small parameter a gives the possibil- 
ity to apply the quantum formalism in any statistical model (in any 
domain of science) which contains statistical states having dispersion 
of the magnitude a, where a is some small parameter. It is clear that 
such a model describes very fine effects. In a coarser approximation 
such statistical states would be considered as states with zero disper- 
sion. 

6.4 Second quantization 

Finally, we emphasize again that in fact there are two classical sta- 
tistical models: ordinary classical statistical mechanics (CSM) on the 
phase space R 3 x R 3 and classical statistical mechanics on the infinite 
dimensional Hilbert space. It is well known that the latter classical 
mechanics can be quantized again. This is the procedure of second 
quantization. This procedure gives nothing else than operator quanti- 
zation approach to QFT, see e.g. [66]. There can also be established 
the principle of correspondence between classical and quantum models 
for systems with the infinite number of degrees of freedom. The easiest 
way do to this is to repeat Weyl's considerations and use the calcu- 
lus of infinite- dimensional pseudo-differential operators (PDO). Such 
a calculus was developed on the physical level of rigorousness in [66] 
and on on the mathematical level of rigorousness by O. G. Smolyanov 
and the author [67], [64]; finally there was proved the principle of cor- 
respondence, [68]. But in this paper we are not interested in QFT. We 
only remark that methods developed in this paper can be generalized 
to QFT which can also be presented as the T-projection of a classical 
statistical model. 

We remark that this is the classical vacuum field and not a vacuum state of QFT. 
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7 Gaussian measures inducing pure quan- 
tum states: statistical meaning of the wave 
function 

7.1 Gaussian underground 

In QM a pure quantum state is given by a normalized vector ift £ 
H : \\ip\\ = I. The corresponding statistical state is represented by the 
density operator: 

A/> = ip ®ip. (43) 

In particular, the von Neumann's trace-formula for expectation has 
the form: 

TrD^A=(A^). (44) 

Let us consider the correspondence map T for statistical states for the 
classical statistical model M a = (Sg,V), see l(3T|) . A pure quantum 
state ift (i.e., the state with the density operator D^) is the image of 
the Gaussian statistical mixture p^ of states (ft £ H. Here the measure 
p^ has the covariation operator 

B f = aD^. (45) 

Thus 

(B^yx,y 2 )= / (yi,<ft)(y2,(ft)dpip(<ft) = a(y 1 ,ip)(ip,y 2 ). 
Jh 

This implies that the Fourier transform of the measure p^, has the 
form: 

P^(y) = e~^ 2 , y eH. 

This means that the measure p^ is concentrated on the one-dimensional 
subspace 

Hj/j = {x £ H : x = sip, s £ R}. 

This is one-dimensional Gaussian distribution. It is very important to 
pay attention to the trivial mathematical fact: 

Concentration on the one- dimensional subspace does not imply 
that the Gaussian measure p^ is a pure state of type of the Dirac 5- 
function on the classical state space O = H. 
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7.2 Ontic states and wave functions 



In our ontic model states are represented by vectors of the Hilbert space 
H. Since pure states in QM are also represented by vectors of H, one 
might try to identify them. The important difference is that any vector 
belonging to H represents an ontic state, but only normalized vectors 
of H represent pure quantum states. However, this is not the crucial 
point. The crucial point is that the von Neumann density operator 
D^, = ijj<g>ip has nothing to do with the ontic state ip, even in the case 
of \\ip\\ = 1- The density operator describes not an individual state, 
but a Gaussian statistical ensemble of individual states. States in this 
ensemble can have (with corresponding probabilities) any magnitude. 

Quantum pure states ip £ H,\\tp\\ = 1, represent Gaussian statisti- 
cal mixtures of classical states (p £ H. Therefore, quantum randomness 
is ordinary Gaussian randomness (so it is reducible to the classical 
ensemble randomness). 

8 Incompleteness 

Assume that our classical statistical statistical model provides the ad- 
equate description of physical reality. This would imply that quan- 
tum mechanics is not complete - since it does not describe "individual 
states" ip G O. However, it seems that it is practically impossible to 
verify this prediction experimentally, because it is impossible to pre- 
pare "pure ontic states" ip for microscopic systems. It is easier to prove 
that quantum mechanics is not complete even as a statistical model, 
namely that in nature there exist classical statistical states (different 
from ^-states) which have no image in quantum model. 

Let us start with "pure nonquantum states." Let ip 6 H, but 
its norm need not be equal to one. Let us consider the correspond- 
ing Gaussian statistical state p^, see ijH}. This state represents the 
Gaussian distribution concentrated on the real line. We pay attention 
that by scaling the vector ip we obtain a completely different Gaus- 
sian distribution. The only commonality between measures p^ and 
Pxi>i A £ R, is that they are concentrated on the same real line. But 
they have different dispersions (and so shapes). In particular, it is 
impossible to represent all scalings by the normalized vector 

Suppose now that \\ip\\ = o(l),a — > 0. In our mathematical model 
there exist classical statistical states p^ with covariance matrices = 
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aip®ip, see (|45|l . However, the quantum statistical model iVq Uan t does 
not contain images of such states, because a 2 (p) = o(a). 

In the same way we can consider any classical statistical state p 
having the dispersion cr 2 (p) such that: a 2 (p) = o(a). 

9 Interpretation and comparing with other 
realistic prequantum models 

9.1 Ensemble interpretation. 

In our model, PCSFT, basic elements of reality are systems with the 
infinite number of degrees of freedom, say classical fields. Thus our 
model is statistical mechanics of classical fields. Statistical states which 
that correspond to statistical states described by quantum mechanics 
are Gaussian distributions of such fields. The mean value of these 
Gaussian fluctuations is the vacuum field, ^vacuum = 0. 

We use the ensemble (or statistical) interpretation of quantum 
states, since they are images, D = T(p), of Gaussian statistical states. 
The only difference from the conventional ensemble (or statistical) in- 
terpretation of quantum mechanics, cf. Einstein, Margenau, Ballentine 
[15], [28] is that we consider ensembles of classical fields, instead of en- 
sembles of particles. We pay attention that, as well as in the statistical 
interpretation of Einstein, Margenau, Ballentine, even so called pure 
states of quantum mechanics represent states of ensembles of systems 
(in our case classical fields) and not states of individual systems. 

9.2 Comparing with views of Schrodinger. 

Our views are close to views of Schrodinger's original views to the wave 
function as a classical scalar field as well as his later ideas to exclude 
totally particles from quantum mechanics, see [6], [7]. However, the 
latter program was performed in QFT-framework. In PCSFT we do 
not consider quantized fields. So it seems that the problem of even 
simpler that it was considered by Schrodinger: we need on appeal to 
theory of quantized fields it is enough to consider statistical mechanics 
for classical fields (so this is really the viewpoint of Schrodinger in 
1920th). 
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9.3 Comparing PCSFT with Bohmian mechan- 
ics. 

The main difference between PCSFT and the Bohmian model is that 
the Bohmian model still contains particles as fundamental objects. In 
particular, quantum randomness is due to randomness of initial states 
of particles and not randomness of initial states of fields as in PCSFT. 
Nevertheless, the presence of a field element, namely the pilot wave, 
induces some similarities between Bohmian mechanics and PCSFT. 

Moreover, in Bohmian mechanics particles are well defined only for 
Fermi-fields, but bosons, e.g., photons cannot be defined as corpuscular 
objects, but only as fields, cf. with PCSFT. 11 

9.4 Comparing PCSFT with Nelson's stochas- 
tic quantum mechanics and SED 

Here comparing is very similar to comparing with Bohmian mechan- 
ics: particles are fundamental elements of SED and Nelson's stochastic 
quantum mechanics, but not of PCSFT. In SED and Nelson's stochas- 
tic quantum mechanics quantum randomness is the result of inter- 
action of particles with random media ("fluctuations of vacuum"). In 
PCSFT particles by themselves are images of fluctuating fields. So the 
crucial point is not the presence of fluctuations of vacuum which dis- 
turb the motion of corpuscular objects, but that behind any "quantum 
particle" there is a classical ("prequantum") field. 

In PCSFT the field of real vacuum, ^Vacuum = 0, has zero en- 
ergy, because for any quadratic form Ti.(ip) = (H.ip,ip), where H is a 
self-adjoint operator, we have H(ip vacuum ) = 0. In fact, in PCSFT an 
analogue of the zero point field is the Gaussian ensemble of fields tp(x) 
described by the classical statistical state p. In PCSFT there are nu- 
merous "zero point fields" p which reproduce quantum states. There 
is a similar point in PCSFT and SED and Nelson's mechanics, namely 
the dispersion of energy of the the zero point field (Gaussian measure 
p in PCSFT) is the basic element of the model. 

First we recall the situation in SED [51], [52]. Here the fluctuations 
of this energy are taken as a fact. They occur in QED - where they 
are given a formal treatment. SED provides detailed analysis of the 
impact of these fluctuation, but SED could not provide any indepen- 

I am thankful to Andrei Grib for this comment on Bohmian mechanics. 
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dent justification. For a single mode of the field, the dispersion of the 
electric field in the vacuum state is hf/2V, where / is the frequency 
and V the normalization volume (in a discrete description). The cor- 
responding spectral energy density becomes therefore proportional to 
/ 3 . There are strong reasons to support this as the spectrum of the zero 
point field, among others, that it is the only Lorentz-invariant solution, 
and thus the only one consistent with the law of inertia. But if the 
whole field, with all its frequency components (from zero to infinity) 
is taken into account, the dispersion becomes obviously infinite, with 
/ going to infinity (the same reason for the old ultraviolet catastro- 
phe). Typically one inserts a (somewhat artificial) cutoff of frequency. 
The cutoff is taken as meaningful by some authors, by referring to a 
high-frequency limit in the response of particles to the field fluctua- 
tions. Others take a more pragmatic view by referring to the observed 
or measured fluctuations, not to the physical ones, those existing in 
nature. The crucial difference between SED and PCSFT is that in 
the latter theory vacuum fluctuations have essentially less magnitude. 
In PCSFT the total dispersion (i.e., integrated over all frequencies) is 
finite! There is no analogue of ultraviolet divergences. The integral 



Thus with respect to the energy-scale PCSFT is not only a prequantum 
model, but it is even a pre-SED model. At the moment we do not know 
the magnitude of a, i.e., a prequantum energy scale. 

We also pay attention that there exist (at least in the mathematical 
model) statistical Gaussian states representing fluctuations of the vac- 
uum field with the statistical deviation a 2 (p) = o(a). Such statistical 
states are neglected in the modern observational model, QM, in that 
there are taken into account only states with a 2 (p) = a. But statistical 
states which we neglect in QM have nonzero average of energy: 



Of course, this average is negligibly small: 

\<n> p \< ||H|| f |M| 2 <W) = l|H||a 2 (p) = o(a) 
Jh 

(we considered the case of continuous operator H : H — > H). We can 
say that PCFT supports the zero point field model. 




(46) 
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The main open question in comparing Nelson's stochastic mechan- 
ics and SED with PCSFT is about the magnitude a of vacuum fluc- 
tuations in PCSFT. 

10 Finite-dimensional QM as an image 
of CSM 

Let us consider apply our approach to the finite-dimensional case. We 
consider the classical statistical model M°(R n ) = (5g(R n ), V(R n )). 
This is a special sub-model of classical statistical mechanics. The con- 
ventional model is given by M = (PM(R n )), C£°(R n )). Here the space 
of statistical states PM(R n )) coincides with the space of all probabil- 
ity measures and the space of physical variables C£°(R n ) consists of 
smooth bounded functions. 

We emphasize again that the choice of a special class of statistical 
states is crucial to obtain a quantum-like representation. If one chooses 
the class of statistical states consisting of all probability measures, then 
it would be impossible to project it onto QM. 

Let us now consider a variant of QM in that the state space is 
finite- dimensional. As we consider in this paper only real numbers, so 
in the present section H = R n . We consider the quantum model 

AW(R n ) = 0P(R"),£ s (R")). 

By using the Taylor expansion (now on the R n ) we can establish the 
T-correspondence between the models M a (H n ) and iV quan t(R n ) and 
obtain the fundamental equality: 

<f> p =a < T(f) > r(p) +o(q), a -► 0. 

In particular, one can imagine a super-macroscopic observer such 
that our macroscopic quantities are negligibly small for him. By intro- 
ducing a parameter a (which is small for him, but sufficiently large for 
us) he can create a representation of classical statistical mechanics on 
R n in the form of the quantum model with a finite-dimensional state 
space. He can make the 1/a-amplification of our classical physical 
variable f(ip) and define his "super-quantum" average. 

This approach need not be applied to physics. Any collection of 
statistical data on R n (e.g., in economics) can be represented in the 
quantum-like way through introducing a small parameter a giving us 
the precision of calculating of averages. 
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11 Extension of the space of statistical 
states 



We have seen that the quantum (observational) statistical model can 
be considered as the image of a classical (ontic) statistical model. In 
our classical model the space of statistical states consists of Gaussian 
distributions having zero mean value and dispersion a 2 (p) = a. Such 
states describes Gaussian fluctuations of the vacuum field. The sta- 
tistical magnitude of fluctuations is equal to a. However, in all our 
considerations there was important only the magnitude of fluctuations 
is approximately equal a. Therefore we can essentially extend the class 
of Gaussian classical statistical states and still obtain the same set of 
quantum states V(H). Of course, for such a model the correspondence 
between classical and quantum statistical states would not be one-to- 
one. Let us consider the space of Gaussian measures on H having zero 
mean value and dispersion. 

a 2 (p) = a + o(a),a -> 0. (47) 

Denote it by the symbol SQ a (H). We consider the following correspon- 
dence map between classical and quantum statistical states extending 
the map l|37j) : 

T:ST(H)^V(H),T{p) = ^P- (48) 

We see that the operator D = T(p) G V(H), so the map T is well 
defined. 

Proposition 11.2. For the map T defined by the asymptotic 
equality of classical and quantum averages \Hb]) holds for any variable 
feV(U). 

Proof. We have < / > PB = J H f(x)dp B (x) = f H f(a(p B )y)dp D (y) = 

f H (f" '(0)y,y)dpD(y) + o(a). So we obtained the asymptotic 
equality l(86)L 

As was pointed out, two different Gaussian measures pi, pi € SQ a (H) 
can be mapped to the same density operator D. If the condition 

a 2 ( Pl ) -a 2 (p 2 ) = o(h),h^0, (49) 

holds, then T(p\) = T{p2). Here even the von Neumann postulate SS 
is violated and only the postulate AD (which was strongly criticized 
by J. Bell) still holds true. 
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Our choice of Gaussian statistical states is based on central limit 
theorem for H- valued independent random variables (independent ran- 
dom fluctuations of vacuum). However, in principle, we could not 
exclude the possibility that in nature may exist stable non-Gaussian 
statistical states. We recall that the formula l(23|l giving the trace- 
expression of integrals of quadratic forms is valid for arbitrary measure 
fi on H having zero mean value and the finite second moment: 

(T 2 {ix) = / ||x|| 2 (Z^(x) < oo. 
Jh 

Denote the set of such probability measures by the symbol PM2(H). 
Let us consider the classical statistical model 

M? = (PM?(H),V 2 (H)), 

where PM^H) consists of /x G PM2(H) having the dispersion o 2 {fx) = 
a and the space of variables V2{H) consists of real analytic functions 
/ : H — *■ R, /(0) = 0, having quadratic growth for x — > oo : 

1/0*01 < ci -I- c 2 ||a;|| 2 , x G H,ci,c 2 > 0. 

We find the average of / G V^Off) with respect to fx £ PM^H) : 
< f > M = J H f(x)dfi(x) = J H f{a(n)y)dv{y) 

= ^ Uf"( Q M v)dv(x) + 2 I H / (2n) (0)(y, • • • y)du(x), 

where a measure v is the scaling of the measure fx induced by the map: 
y = We remark that the covariation operator of the measure v 
is obtained as the scaling of the covariation operator of the measure 

T-» COW IL 

[x : D = cow = 

Thus we again have: < / > At = § J H (f"(0)y,y)du(x) + o(a) = 
f Tr covi//"(0) +o{a). 

Hence, the quantum model A^ quant can be considered as the image 
of the classical model and classical and quantum averages are equal 
asymptotically, a — > 0. The map T has huge degeneration on the space 
of statistical states, since a covariation operator does not determine a 
measure uniquely. 

As well as in the Gaussian case, we can consider the space of mea- 
sures which dispersion is only approximately equal h : 

PM? a (H) = {fx£ PM 2 {H) : a 2 {fx) =a + o{a),a^ 0}. 

The map T can be extended to this class (by increasing degeneration). 
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12 Generalized quantum mechanics: ap- 
proximations of higher orders 



We have created the classical statistical model which induced the 
quantum statistical model. The quantum description can be obtained 
through the Taylor expansion of classical physical variables up to the 
terms of the second order. The crucial point is the presence of a pa- 
rameter a which small in QM, but not in the prequantum classical 
model. 

This viewpoint to conventional quantum mechanics implies the ev- 
ident possibility to generalize this formalism by considering higher or- 
ders of the Taylor expansion of classical physical variables and corre- 
sponding expansions of classical averages with respect to the parameter 
a. 

We recall that momentums of a measure p are defined by 

ai k) (zi, ■ ■ ■ ,z k ) = / (z 1 ,x)...(z k ,x)dp(x). 
Jh 

In particular, = a p is the mean value and ap is the covariation 
form. We remark that for a Gaussian measure p, a p = implies that 

(k) 

all its momenta of odd orders a p ,k = 2n + 1, n = 0, 1, ... , are also 
equal to zero. 

Therefore the expansion of < / > p with respect to s = a 1 / 2 does 
not contain terms with s 2n+1 . Hence this is the expansion with respect 
to a n (= s 2n ),n = 1,2,... We are able to create o(a n )-generalization 
of quantum mechanics through neglecting by terms of the magnitude 
o(a n ),a — > 0(n = 1,2,...) in the power expansion of the classical 
average. Of course, for n = 1 we obtain the conventional quantum 
mechanics. Let us consider the classical statistical model 

M a = (s%(n),vm, (50) 

where Q = H is the real Hilbert space. By taking into account that 
a 2n+i = 0, n = 0, 1, . . . , for p € S%(Q), we have: 

00 k r 

<f> -^TrDf"(0)+^2^-l f( 2k \0)(y,...,y)dp D (y), (51) 

k=2 ^ '' JH 

where as always D = 
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We now consider a new epistemic ("observational") statistical model 
which is a natural generalization of the conventional quantum mechan- 
ics. We start with some preliminary mathematical considerations. Let 
A and B be two n-linear symmetric forms. We define their trace by 

00 

Tr BA = Y, B( ejl ,...,e jh )A( ejl ,...,e jn ), (52) 

31,— Jn=l 

if this series converges and its sum does not depend on the choice of 
an orthonormal basis {ej} in H. We remark that 

n k 

< f > p = |lY Df"(0) + £ ^Tr af^f^Ho) + o{a n ),a - 0, (53) 

k=2 

Here we used the following result about Gaussian integrals: 

Lemma 12.1. Let A k be a continuous k-linear form on H and let 
Pd be a Gaussian measure (with zero mean value and the covariation 
operator D). Then 

[ A k ^,...,^)dp D ^)=Tra^A k . (54) 

Proof. Let {ej}^L 1 be an orthonormal basis in H. We apply the 
well known Lebesque theorem on majorant convergence. We set 

n 

//v(V0 = Yl A k(ej 1 ,---,e jk )(e jl ,i!)...(e jk ^). (55) 

jl, — ,3k = 1 

We have 

TV N 

IMVOI = \ A kCY( x ' e h) e h ■••> ^2(^^ e jk) e jk)\ < \\ A k\\ 
ii=i ifc=i 

Therefore we obtain: 

/ A k (ip,... ,ip)dp D (ip) = lim / f N (ip)dp D (ip) 
Jh n^ooJ h 



(56) 



— Yl ^ k ' 

j'i=i,-,j'fc=i 



11 



(57) 
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The proof is finished. 

In particular, we obtained the following inequality: 

\Tra k pD A k \ < \\A\\ [ M\ k dp D (iP). (58) 

JH 

We now remark that for a Gaussian measure (with zero mean value) 
integrals l(5~3|) are equal to zero for k = 21 + 1. Thus Tr a p 2 ^ +1 ^ A21+1 = 0. 
It is easy to see that 2/c-linear forms (momenta of even order) a 2 p k D can 
be expressed through the covariance operator D : 

J2k 

aW=e(k,D) = ^e-U°y*)\ y = . (59) 

In particular, e(2, D)(z%, z 2 ) = (Dzi,z 2 ) and e(4, D)(zi, z 2 , z 3 , Z4) 

= (Dz 1 ,z 3 )(Dz 2 , z 4 ) + (Dz 2 , z 3 )(D Zl ,z 4 ) + (Dz 1 ,z 2 )(Dz 3 , z A ). (60) 
Thus can be rewritten as 

n ju 

< / > PB = f Tr Df"(0) + ^yTr e(2k, D)/(*)(0) + o(a n ), a^O, 

k=2 

(61) 

or by introducing the 1/a-amplification of the classical physical vari- 
able / we have: 

< f a > PB = iTr Df"(0) + £ ^Tr e(2k, D)fW(0) + o^ 1 ) 

k=2 

(62) 

This formula is the basis of a new quantum theory. In this the- 
ory statistical states can be still represented by von Neumann density 
operators D G V(H), but observables are represented by multiples 
A = (A 2 , A4, . . . , A 2n ), where A 2 j are symmetric 2n-linear forms on a 
Hilbert space H. In particular, the quadratic form A 2 can be repre- 
sented by a self-adjoint operator. To escape mathematical difficulties, 
we can assume that forms A 2 j are continuous. Denote the space of all 
such multiples A by L 2n (H). We obtain the following generalization 
of the conventional quantum model: 

AW,2n = P(#),W#))- (63) 
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Here the average of an observable A £ L 2n (H) with respect to a state 
D G T>(H) is given by 



< a >d= 5^ Tr e(2k,D)A 2k (64) 



n=l 



If one define Tr DA = Ylk=i ^ e (2&, -D)^2fc then the formula can 
be written as in the conventional quantum mechanics (von Neumann's 
formula of nth order) : 

< A > D =Tr DA (65) 

This model is the result of the following "quantization" procedure of 
the classical statistical model M a = (Sq(Q), V(S7): 

p^D= ; 66 

a 

/ - A = (-/"(O), -/^(O), _/<*0( )). (67) 

(thus here A 2 k = ^r/^H ))- Tne transformation T 2n given by (p^ . 
l|67|l maps the classical statistical model M a = (Sq(Q), V(f2)) onto 
generalized quantum model iVquant^n = (H,V(H), L 2n (H)). 

In this framework one takes into account contributions to averages 
up to the magnitude a n_1 , but neglects by quantities of the magnitude 
a n . 

Theorem 11.1. For the classical statistical model M a = (Sq(Q), 
V(f2)) ; the classical — > quantum map T 2n , defined by ifih)) and I6'7)J . 
«s one-to-one for statistical states; it has a huge degeneration for vari- 
ables. Classical and quantum averages are coupled through the asymp- 
totic equality \61]) . 

We pay attention to the simple mathematical fact that the degree 
of degeneration of the map T 2n : V(f2) — > L 2n (H) is decreasing for 
n — > oo. Denote the space of polynomials of the degree 2n containing 
only terms of even degrees by the symbol P 2n . Thus / G iff /(^) = 

Q 2 (t/>> ^) + Q*i?l>> V>, ip, VO + • • • + Q2n(ip, ■ ■ ■ , V0> where Qaj : -> R 
is a symmetric 2j'-linear (continuous) form. The restriction of the map 
T 2n on the subspace P 2n of the space V is one-to-one. One can also 
consider a generalized quantum model 

^Vquant,oo = Axj)j (68) 
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where L oc (iJ) consists of infinite sequences of 2n- linear (continuous) 
forms on H : 

A = (A 2 ,...,A 2n ,...). (69) 

The correspondence between the classical model M a (for any a) and 
the generalized quantum model -/Vq Uanti0 o is one-to-one. 

I would like to thank A. Aspect, L. Accardi, L. Ballentine, G. 
W. Mackey, E. Nelsson, S. Albeverio, D. Greenberger, S. Gudder, G. 
't Hooft, Th. Nieuwenhuizen, A. Leggett, P. Lahti, A. Peres, A. S. 
Holevo, H. Atmanspacher, K. Hess, W. Philipp, D. Mermin, for fruit- 
ful discussions on contextual approach to QM and its hyperbolic gen- 
eralizations. 
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